In this study, we present a multi-objective approach based on a mean-varianceskewness-entropy portfolio selection model (MVSEM). In this approach, an entropy measure is added to the mean-variance-skewness model (MVSM) to generate a well-diversified portfolio. Through a variety of empirical data sets, we evaluate the performance of the MVSEM in terms of several portfolio performance measures. The obtained results show that the MVSEM performs well out-of sample relative to traditional portfolio selection models.
Introduction
Markowitz's mean-variance model (MVM), which is based on the assumption that returns of assets follow a normal distribution, has been accepted as a pioneer portfolio selection model [1] . It is known that the MVM depends on only the first and second moments corresponding to the expected return and the variance-covariance matrix of return. However, these moments are generally inadequate to explain portfolios in the case of non-normal return distribution [2] [3] [4] . Therefore, many studies have discussed the issue of whether higher moments should be accounted for the portfolio selection problem [2] [3] [4] [5] [6] [7] [8] [9] [10] . In particular, Chunhachinda et al. [2] , Arditti [5] and Arditti and Levy [6] assert that higher moments cannot be neglected, unless there is a reason to believe that the asset returns are distributed normally or OPEN ACCESS that higher moments are irrelevant to the investor's decision. Prakash et al. [4] , Harvey et al. [8] and Ibbotson [10] discuss existence of the higher moments in an asset allocation system if the returns do not follow a symmetrical probability distribution. Moreover, they show that when skewness is included in the decision process, an investor can get a higher return. Due to these facts, the MVM has been extended to include the skewness of return in portfolio selection. This model is called as meanvariance-skewness model (MVSM) [2, 4] .
The MVM and MVSM have recently become widely-used approaches in solving portfolio diversification problems. On the other hand, some studies indicate that [2, 4, 11] that the portfolio weights obtained from the MVM and the MVSM can often focus on a few assets or extreme positions, although an important objective of asset allocation is diversification [11, 12] . In portfolio theory, it is well-known that the diversification reduces unsystematic risk in portfolios. In the other words, the more diversified portfolio weights (probabilities) there are, the more reduced risk there is in the portfolio selection [13, 14] . Diversified portfolios also have lower idiosyncratic volatility than the individual assets [12] . Moreover, the portfolio variance decreases as the diversification in portfolio increases.
In order to measure the diversification, entropy is a widely accepted measure of diversity [15] [16] [17] [18] [19] [20] [21] [22] [23] . It is known that the greater the value of the entropy measure for portfolio weights, the higher the portfolio diversification is. In the literature, the first attempts to use entropy as an objective function in multi-objective model portfolio selection are seen in [19] [20] [21] [22] [23] . Furthermore, Bera and Park [11, 19] present asset allocation models based on entropy and cross entropy measures in order to generate a well diversified portfolio. If entropy is used as an objective function to determine portfolio weights, the obtained weights become automatically non-negative. This means that a model with entropy naturally yields no short-selling, which is occasionally a preferable situation in portfolio selection due to theoretical and practical reasons [24] [25] [26] .
On the other hand, the relationship between diversification and skewness has also been researched in the literature [27] [28] [29] [30] . Several studies show that the positive skewness can lead to anti-diversification as investors attempt to capture the greatest amount of positive skewness [28] . For instance, Simkowitz and Beedles [27] examine the behavior of skewness of portfolio returns as the degree of diversification increases, and report that increasing the diversification results in a progressive loss of portfolio skewness. Besides, the results of [30] show that while the diversification reduces portfolio variance, at the same time it also reduces skewness. For this reasons, the skewness and diversification are two competing and conflicting objectives in portfolio selection.
In this study, we study multi-objective portfolio selection model in which investor tries to maximize the skewness of portfolio and entropy of portfolio weights, while simultaneously attempting to minimize the portfolio variance. Based on three different empirical datasets, we evaluate the out-of-sample performance of MVSEM relative to well-known portfolio models such as the equally weighted model (EWM), minimum variance model (MinVM), MVM and MVSM. The performances of the MVSEM are assessed in terms of the following portfolio performance measures [31] [32] [33] [34] [35] [36] [37] [38] : the Sharpe ratio (SR), adjusted for skewness Sharpe ratio (ASR), mean absolute deviation ratio (MADR) Sortino-Satchell ratio (SSR), Farinelli-Tibiletti ratio (FTR), generalized Rachev ratio (GRR) and portfolio turnover (PT). We also compute Jobson and Korkie' z JK test statistic to evaluate the statistical significance for the difference in Sharpe ratios among the considered model in this study.
Considering all these issues, this study is organized as follows: traditional portfolio selection models are presented briefly in Section 2. A multi-objective portfolio selection model is introduced in Section 3. The portfolio performance measures and rolling window procedure are provided in Section 4. Next, an empirical study is conducted to evaluate the performance of MVSEM in Section 5. Finally, the conclusions and suggestions are presented in Section 6.
Traditional Portfolio Selection Models
In portfolio theory, given a set of assets, the portfolio selection problem is to find the optimum way of investing a particular amount of money in these assets. Each possible strategy is considered as a portfolio selection model. In this section, we present the well-known traditional portfolio selection models and also provide definitions and notations required in this study.
The vector of portfolio weights is 1 2 ( , ,..., )
, where i x is the weight of ith risky asset in the portfolio. The portfolio weights satisfy 
 , which represents the coskewness between the returns of asset i , j and k for ( , , ) [ 
Mean, variance and third central moment of the return of portfolio and the entropy of portfolio weights (probabilities) are respectively given, as follows:
where ⊗ denotes for the Kronecker product and also 3 ( ) p S R provide a measure of skewness of portfolio ( 
Due to these properties of entropy measure, ( ) H x that provides a good measure of diversity in a probability distribution, can be taken as a measure of portfolio diversification [11, 15, 17] .
Equally Weighted Model (EWM)
EWM considers the portfolio weights to be equal,
, and does not involve any optimization or estimation, besides, it completely ignores the mean and variance of return. This naive rule for asset allocation has been extensively used by investors although a number of complicated derived models have been developed. Moreover, various studies in the literature such as [11, 12, 40, 41] show that the EWM works well for the out-of-sample cases.
Minimum Variance Model (MinVM)
In MinVM, the assets weights are obtained by minimizing only the variance-covariance matrix of the return of portfolio. MinVM can be stated as follows:
In the literature, there is empirical evidence indicating the MinVM performs better out-of-sample than MVM, even when Sharpe ratio or other performance measures, which take into account both the mean and variance, are used for the comparison [42, 43] .
Mean Variance Model (MVM)
Markowitz's MVM works by assuming that the higher expected returns can be obtained by taking more risk. MVM can be given as follows:
subject to
where μ is the pre-determined target expected return for the portfolio.
It is known that although Markowitz's MVM is widely-used portfolio selection model, there are still some drawbacks of the MVM. For example, MVM leads to poor out-of-sample performances and the solution of MVM can often focus on a few assets or extreme positions as contrary to the notion of diversification [11, 12] .
Mean Variance Skewness Model (MVSM)
Within the framework of the MVSM, it is shown that an investor's preference for the positive skewness in the return distribution is consistent with the notion of decreasing absolute risk aversion. Also, preferences for positive skewness underline a precautionary saving motive [44] . Prakash et al. [4] emphasized that positive skewness is desirable, since increasing skewness decreases the probability of large negative values of return. The MVSM discussed in [2, 4] is given in the following form:
In the literature, the empirical evidence related to the performance of MVSM shows that the incorporation of skewness into MVM can provide significantly better portfolios the non-normal return distributions [2, 4] .
Multi-Objective Portfolio Selection Model Based on Mean-Variance-Skewness-Entropy Measures
The first attempts to use entropy as an objective function in portfolio analysis are seen in [11, [19] [20] [21] [22] [23] . Among these studies, Jana et al. [21] add the entropy function to the MVSM to generate well diversified portfolios and they thus formulate the mean-variance-skewness-entropy model (MVSEM). However, they use absolute deviation instead of variance under the normality condition [32] and use a piecewise linear approximation of skewness. They also use the fuzzy programming technique to solve the multi-objective model with entropy by ignoring the evaluation of the empirical performance of the model or comparison of the model with well-known portfolio models.
In this study, we introduce the MVSEM and we also evaluate its empirical performances relative to the well-known portfolio selection models by using a variety of portfolio performance measures on different empirical data sets. The multi-objective model based on mean, variance, skewness and entropy can be expressed in the following form:
To obtain the portfolio weights from MVSEM is the multi-objective optimization problem. In order to solve this problem, we use the weighted sum method (scalarization) considering its easy implementation [45, 46] . If the weighted sum method is applied to the multi-objective optimization problem given in Equations (12)- (15), the scalarized optimization problem is obtained as follows:
By assigning three weighting coefficients 0
x , the optimal solutions of the multi-objective model can be obtained. For the computation of optimal points, the weights are chosen so as to 1 i λ can be interpreted as the risk aversion factor or risk preference of the investor for the variance, skewness of portfolio and entropy of weights, respectively. However, it should be noted that the as in most of the methods dealing with the multi-objective optimization problem, weighted sum method is essentially subjective since a decision marker has to supply the weight coefficients by taking into account the importance of each objective function within the context of the problem [47, 48] .
Portfolio Performance Evaluation
In this section, we introduce the various portfolio performance measures and rolling window procedure to evaluate the performance of the MVSEM relative to the EWM, MinVM and MVM and MVSM.
Portfolio Performance Measures
In order to evaluate the performance of portfolio models, a number of alternative performance measures have been proposed in the literature [31] [32] [33] [34] [35] [36] [37] [38] . In this study, we consider some of these performance measures. As a traditional performance measure, the Sharpe ratio (SR) has been used extensively and its formula is given as the following general form:
where p R is the return of portfolio.
However, since the SR is based on the mean-variance theory, it is only valid for normally distributed returns. Particularly, the SR can lead to misleading conclusions when the return distributions are skewed or present heavy tails [36] . Several alternatives to the SR for optimal portfolio selection have been proposed in the literature. Some of these alternatives are presented in the following:
The adjusted for skewness Sharpe ratio (ASR) [31] , which takes into accounts the skewness of portfolio, is defined as follows:
The mean absolute deviation ratio, (MADR) [32] , which considers the risk as mean absolute deviation, is given as follows:
The Sortino-Satchell ratio (SSR) and Farinelli and Tibiletti ratio (FTR) [34, 35] , are performance measures based on the partial moments and their formulas are given as follows, respectively:
 is the lower partial moment of order 2.
where
 are the lower partial moment of order v and the upper partial moment of order u , respectively. The selection of u and v are associated to investors' styles or preferences. In the empirical part, we will consider the following cases for u and v according to [33, 34] [38] .
The generalized Rachev ratio (GRR) [36] is the performance measure based on the quantiles of portfolio returns and its formula is presented as follows: (24), the GRR gives the Rachev ratio (RR) [36] . On the other hand, it should be emphasized that although there is no general agreement as to which performance measure is the best for portfolio selection in the empirical study, the measures mentioned above are all recently proposed as performance measures for assets allocation.
Rolling Window Procedure
In this study, the evaluation of the performance of the MVSEM relies on the rolling window procedure as described in [11, 12, 42, 43] . In these procedure, firstly the sample mean, variance-covariance and skewness are estimated using an estimation window of W = 120 or 150 monthly data. Secondly, we compute the portfolio weights according to each considered portfolio model (EWM, MinV and MVM, MVSM and MVSEM) using these sample estimates. Then, we repeat this procedure for the next period, by dropping the data for the earliest period and including the new data for the next period. We continue applying this procedure until the end of the data is reached. − monthly out-of-sample returns generated by each of the considered portfolio models.
Based on this sequence of L W − monthly out-of-sample returns, the SR, ASR, MADR, SSR, FTR and GRR measures mentioned in Section 4.1 are calculated to evaluate the performance of the MVSEM relative to EWM, MinV and MVM and MVSM. Furthermore, we consider the portfolio turnover (PT) [12, 42, 43] as a measure of the magnitude of the transaction cost corresponding to models and we also use Jobson and Korkie' test statistic ( JK z ) [49, 50] to evaluate the statistical significance for the difference in Sharpe ratios among the models considered in this study.
In line with [12, 42, 43] , the PT is defined as the average absolute change in the weights and its formula is given as follows:
where ,
i t x and , 1
i t x + are the portfolio weights in asset i in period t and 1 t + , respectively. In order to evaluate the difference in Sharpe ratios statistically, we use the JK z test statistic proposed by [49] after making the correction suggested by [50] . Let a and b be two portfolio selection models that generates two Sharpe ratios 
SR SR −
is asymptotically normally distributed with mean zero and variance ϑ :
where , a b ρ is the correlation coefficient between portfolio returns obtained from a and b models.
Thus, the JK z test statistic for difference in Sharpe ratios is calculated as follows:
In this study, the p-value corresponding to the JK z test statistic will be calculated for each model with respect to the EWM, which is taken as a benchmark due to its easy implementation and widespread use. Additionally, in the literature, [11, 12, 40] show that the EWM outperforms MVM for the out-of-sample case.
The Empirical Study
In this section, we give the descriptions of empirical datasets used in this study and present the results of the empirical study
Data Description
Three empirical datasets are considered in the empirical evaluation of the MVSEM. The first considered dataset consists of monthly returns on 20 industry portfolios in the United States and they are taken from Kenneth French's web site [51] . The 20 industries considered are Games, Books, The second dataset consists of monthly seven international equity indexes, which are taken from Morgan Stanley web site [52] , US, UK, Japan, Germany, France, Italy, and Canada (G-7 countries) for the period from January 1970 to September 2010 (L = 489 monthly observations).
Last dataset includes monthly returns of 15 assets, which are traded on the Istanbul Stock Exchange (ISE) in Turkey, from different sectors: Financial Institutions, Manufacturing Industry and Technology sectors. The dataset are taken from the ISE web site [53] . The dataset period is from January 1994 to December 2007 (L = 168 monthly observations).
It should be emphasized that all these datasets are adjusted for capital splits and stock dividends. The summary statistics for these datasets are presented in Table 1 , 2 and 3, respectively. The statistics in Table 1, 2 and 3 give some insight into the characteristics of the return data. As can be seen from these tables, the Jack-Bera test for the most of return distribution of three empirical datasets reject the null hypothesis for normality at the 5% significance level.
Results of the Empirical Study
In the empirical study, we choose different values of 1 2 3 ( , , ) λ λ λ in MVSEM, which can be interpreted as risk preference of investors such as (1 2 , 0,1 2), (0,1 2,1 2), (2 4,1 4,1 4), (1 4 , 2 4 ,1 4) , (1 4 ,1 4 , 2 4) , (1 3,1 3,1 3) as parallel in the studies [2, 4, 54] . It is known that the results of MVSEM with (1 2 ,1 2 , 0) are equal to that with (1,1, 0) when used with the weighted sum method [46, 47] . Therefore, in MVSEM, when ( 1 2 3 , , λ λ λ ) are taken as (1 2, 1 2, 0) , the MVSM is obtained. In other words, while equal weights are assigned to variance and skewness, entropy is weighted at zero. Likewise, the choice of (1 3,1 3,1 3) indicates that variance, skewness and entropy are of equal importance to investors. We evaluate empirically the performances of the MVSEM with the chosen 1 λ λ λ are available from authors. All computations needed in the empirical study are conducted using the MATLAB program. It is also emphasized that the average CPU time to obtain portfolios via the MVSEM increases rapidly as the sample size and the number of assets increase due to the MVSEM's computational complexity and the long computing time needed.
For the industry dataset, we present the results for window length W = 120 in Table 4 . As seen in this table, the all considered the MVSEMs provide best results in terms of all performance measures except GRRs, which favor the EWM. Moreover, it should be noted about Table 4 that the MVM, MinVM and MVSM show the worst performance with respect to all considered performance measures. On the other hand, it is seen that the PT values of portfolios obtained from the MVSEMs are less than that of the MVM, MinVM and MVSM. This is a natural result since the resulting portfolios from MVSEMs shrink towards the equally-weighted portfolio due to entropy term. Moreover, the p -values for the differences in Sharpe ratios show that while the difference for the MVSEMs are not statistically significant at 5% level, that for the MVM and MVSM is statistically significant. Table 5 presents the results of industry dataset for window length W = 150. It can be observed that the MVSEMs performs better than MVM, MinV and MVSM according to all considered performance measures except GRR (0.5,2). Taking into consideration the performance of the EWM, the EWM works better than MVSEMs according to only the SSR and GRRs. In terms of the PT, it is seen from Table 5 that the values of PT of all MVSEMs are smaller than the MVM, MinVM and MVSM.
In Tables 6 and 7 , we present the results of international dataset for W = 120 and 150, respectively. Taking into account the results of Table 6 and 7 together, it is seen that the MVSEMs outperform the considered other models in terms of the most of the performance measures. Comparing the PT for the models, we observe that the values of PT for the MVSEMs are substantially less than that for the others. On the other hand, the p-values for the differences in Sharpe ratios show that none of the models yield significantly different the SR with respect to the EWM.
The results for the ISE dataset are showed in Tables 8 and 9 for window length W = 120 and 150, respectively. The obtained results for W = 120 show that the MVSEMs are able to provide a good performance relative to the EWM, MVM, MinVM and MVSM in terms of most of performance measures. Besides, for W = 150, the MVSEMs significantly outperform the other portfolio models according to all considered performance measures. Furthermore, the MVSEMs yield the lowest values of the PT for W = 120 and 150.
Overall, we can say that portfolios obtained from the MVSEMs perform better in terms of variety portfolio performance measures than the EWM, MinVM, MVM and MVSM. Besides, the MVSEMs are able to provide smaller PT when compared to the other models. 
Conclusions
We present a multi-objective model which includes mean, variance, skewness of the portfolio as well as the entropy of portfolio weights and compare its performance with traditional models. This comparison is made using three different empirical datasets. As a result, we find that the performance of the MVSEM is better than the considered other models in terms of a variety of portfolio performance measures. Moreover, the MVSEM is able to provide smaller portfolio turnover in comparison to the other models, thus, it means that the transaction costs associated with the implementation of MVSEM are the lowest.
